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The Engineer Grapples with Nonlinear Problems
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History of Computational Engineering
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What is Computational Mechanics ?
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History of Finite Element Method

3. BRREXRZEZND /N

EREZEE (Finite Element Method) OEE

AIRBEZVE (FEM) 13— » 7O EFIE I LV BIR S LT,
19565FIZT A Y ZEFRIZBWNWTHEEIN, K7 4 —1"L772 5,
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What has been happened in FEM

4 BIRERIEDMEE

ARERERBDR

BFTEENAERICEIR L. YN v o ABEEETE (matrix method of structural analysis) D&EFh. B
FEIERZR W BHBSETH A L& > .

1956 KENR—1 > 7 DOM.JTurner5ERKWBHFEF — LD FIED RN Z B EERI4EE (Direct Stiffness
Method) &MERFEE#HEITEZ FHRo

CDFEN TBRERZE (Finite Element Method. FEMEBEEE) 1 THD. =% (Finite Difference
Method. FDM&B&EE) & OETEAE (Computational Mechanics) OERZFE U o

BREREITEICIEZ. B Z2XRMEICEDZENLE (Displacement Method M#EDMERBSEE) & AZERAE
ic &3 NiE (Force Method, FMEREEE) DEREL. BEWCEEESWZ U,

DM REBAEEDREZ. FMIZHRECEDOREBZERE L, FIEOAETIHMEZ KD D EEHFIRILF—D
ERELDEHICEHEIN, K> TEMUPRHIFESDEINESND, —H. BEDHEICKS EEHIXRIL
F—FEDEZD, K> TEMVIGHIETES DFHEINES NS Z EHEFRIICH > TWW e,
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Introduction of Variational theor
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Status ( Application) of FEM

OO0 OMumOMO O
Design by rule =2 Design by Analysis
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Structure Analysis = Multi-Physics Analysis =»> 7



Start is Hook’s law

OO0OOOomdooc

HOOke|S IaW(FromWikipedia,thefreeencyclopedia) J ;l , ’ ’ ' ‘ ’ *.

In physics, Hooke's law of elasticity is an approximation that states that the amount by which a material
body is deformed (the strain) is linearly related to the force causing the deformation (the stress). Materials
for which Hooke's law is a useful approximation are known as linear-elastic or "Hookean" materials.

Hooke's law is named after the 17th century British physicist Robert Hooke. He first stated this law in 1676

as a Latin anagram, whose solution he published in 1678 as Ut tensio, sic vis, which means: Hooke's law accurately models the physical
properties of common mechanical springs for
“ . 2 :
As the extension, so the force small changes in length.

For systems that obey Hooke's law, the extension produced is directly proportional to the load:

— o s r

F — _A‘i i

where

il

x is the distance that the spring has been stretched or compressed away from the equilibrium position,
which is the position where the spring would naturally come to rest [usually in meters],

Fis the restoring force exerted by the material [usually in newtons], and

k is the force constant (or spring constant). The constant has units of force per unit length (usually in
newtons per meter).

When this holds, we say that the behavior is linear. If shown on a graph, the line should show a direct
variation. There is a negative sign on the right hand side of the equation because the restoring force always
acts in the opposite direction of the x displacement (when a spring is stretched to the left, it pulls back to
the right).

1676%F Robert Hook (1635-1703) h'38D 2. ceiiinossttuve L THRE LU .
1678%F. Zh % Ut tensio sic vis, BlE. TIKXD K SBYIKRITHD D AIFHEICHANT S, EBEL .



Constitutive law

OO0010000000n

Equilibrium equation: ., *# =0 m¥F

Displacement b.c.: b, =, on §,

Stress b.c.: =1 on §
where

t, =a n, displacement prescribed condition

]

S =5, 43, :stress prescribed condition




Principle of Virtual Work

9. IRBEZE vs. HRBIEEDRE

Ale) I 2RERBICH>ICEIXRILF—EDZ
Ffcs Blo)EAUAERBKICA S TcBEIXRILF—BEDZERT

MEIH Hooke DIERIICHEZ L. A(e) = Blo) &7%%,
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Idealized Vision of Energy Principle

10 TRIILX—REOEREE

RIEBMEFE L HRBLEFOREDHT

RTF v VIXNFRIDRE

4\ (J.Willard Gibbs, 1875) 4
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What is Unified Energy Principle ?

m—LIRIF—[REOFE

OO00\—IXRILF—FREBIFESESRIE
F—IXIF—FREBEEMUuZRAEICEDRETEOREBEE SN 0%
KHZEICEDHRBAEDOREBZHELICEREZEDRE (mixed
variational principle) T#% %,

B—IRILF—RE |= | RETZEORE | + |HRECEDORE
(w.rt. ui&oj) (w.r.t. ui) (w.r.t.oij)

COFRBZEAVWCEGRNFREFRERBZHITT 5 &, BEORERY ML
(ui,o5) ZRETZ2EBRTREAZTORBEFBRETEOREOKHE
VWM h, AEEEHTITE., BRICEXEDIKREN
(U, oi) IFIERRICIERT 5,

O0OCReissnerRE & Hi— TR ILF—RIEDEE
Reissner® BB FRTV Vvl - TRILF—B/NOEBONEHOFI(IC
ZAIEREMHFICLagrange DR ERBAZEA L Tui. 0B KT AICET
DESHEEIC—MIEUTc,. COBRODFERKICO IV TIXYS
Y- IXILF—BELZRAE LT,

[I! -1 P ds f“:: - i, 1 ds - [l:l -p P dv =0 (A)
NI U THE—IRILF—FRENSENINZEDRIERA &S,
fll -1 Pu ds “l!r -1 Pt ds —f{n -p h.'r dv = () (B)

(AR E B)RIFRTFELEIFTHE > TWB, ReissnerDFIE|C K B EUEEIE
{288#% (stationary solution) THZDICH L., HE—IRILF—DRE
TOFELURIFIBERE (extremum solution) TH 3.

O00\—IRILF—FREBICKL D L TRRATEBEE
EUBEBZAVWTROSNZTRILF—ELUBREIEICERD LR
(upper bound) Z5%. BCFEDERAKRBERZ AW IHEILIERE
D T5 (lower bound) 5% %, CODREBIGH-EBER. EOKES
ICHDSITHILT %, ET 2 EERE (REF. FEHM) BHRAFEHE
Bz E TREHTENTE S,

OOoOoO0seOOMO. O4. O8360000

COHIRINF—REHNSSEEDEENFTETE S, BRERBIITTFHE
ZEDIRENRT ML (Ui, 04) DEHGEZBET 2L SICLTHEL 6 DDEEEE
(—ILBRERE) EZ5 TRV 2 DDBEEICKFITE S, BEDSIL—
T =— U BEE L (non collocation method) &7%%,

OooOooMO00 o
T )X —EE S H-EERPED 4

K= X TS TR B, 5o
i

MET % EEEFRRIUME R,
BREFERE) OFfTICERTES
ZENFIETH DN, HEZE <RI
ZDIH-EERRNZEDLSICEZD
MDOEETH Do
M—IRILF—REBZERLT BHIC
. KINRET BEHRDOHEREAIH S L
FINH-ERERADFOHEZ SN DHEN
Hzd (AM ZR) .

MEBRRAOREIYEZDORABETH D, BFRFRNFYEFOE—REE
THD, BER - RAEEFAERONZED THRIELTITI S & T 2HEDLH
HZRBRVTWD, EZBN1972F. YHEYEFEEDP. W. Andersonh¥Science
5 (vol. 177, p.393) Ic "™More is different; EfEI 2MIXEHERLT. 2D
EZADRD THZ I EZRARICHE U oo —RICBZERNTF. FFH%. BRE
DRER, EVHE. EYELXZORRICE>TEZLDEEBICHIN. FNZEh
DFEE TIRIBERMEZRWTHBOEINYERD . MREDZXELT %,

B, BARRBERDLSBBEICK >THED, —"RBICLOREZDTORE%Z
BODIF2BHRAING D, —F—5, KEIEHLIDZOREREZERL. ZDAR
ZEHAERBNSZFDR (BF—RIE) ICADNETHDERS,




Features of Unified Energy Principle

H—IRILF—[RIB DI

(1) H—IRIF—IRIB - 50285, SEvkn b
REEEOREBEBRECEOREZHFE—UICIXILF—RE,
IREERY ML (Ui, 00) ZXRAEE UTERZITS & Z0OEBEEIE (Ui, o)
DHFTHWIIRILF—DEHEEWVWZTV., BARIGELUEZE LU TEMRICU
R 3,

(2) STEMEDBEDTFEE - 1kl U fith o358l
COHFIRILF—REHSSEHEDEENFETE S,
ZXREDRENT ML (ui,01) DEFEEZHBET 26 DOFER (—R{EER
EBHRE) ERBULRBWVW2 DOBERICKRITE 3,
ZDEDODIREL D, FARICIH UTBEZEIRTE. WERNBBETHNITZ %,
BE. BEOVI—TF1I—UREEMSE (non collocation method) &
3%,

(3) LTREMTERE - b OfE
COFREBEFEH-EER. EOKRESICHOSIHILL, FFRTE (KER. FEHE
) BEEHZFHEEEZ L TRRMTENTELZXEANEDREBZRHT 5,

(4) WBEBORIE - 20 Lo 328l
BEEDIKERT N (ui,04) ZRAELTIEDREBIIREEGENRE
(mixed variational principle) &M . 19504 E. Reissneric & D
RESINf, ZD%. 19555FH - BRI KD —MRbEh. BRERER
TOBHBDORZHEDIZ, LML, IS DREIC K ZELUREISEERF
(stationary solution) TH3DICKTH L. HF—IXRILF—DEERICLD
WBUER (FAR(ERR (extremum solution) T#% %,

(5) EANBERBORE - HA comilE

6D DEE (—RALBRERZE) Tld. BEREFRILDFIEE L TRENEZ
2EEHRL. ZOEEZEICEALTRERNY NLEZERT %, ERAMRE
EZROERFZHEBNICAXIREE DD, COAEICKDIRERY
NLDEFRENREMICRFS N, IRE\EE. = RITHENT. BEARERRHE
BB DERfL (dislocation) RIBICERBRERFFOHRENOIEE
B3, Fle. COREFIHANEBOBRERMBITOEREGE>TWVS
Euler@ AEICH—HT %,

(6) FFIRFEEATA DXL

F—IRIF—RENAIBHZE TEZ2EEEARER. TEME (M
FRIERIEERE) SHMPRISERFREE GHEBEME., fhM. KiE) BETH
%, BARMEICEESY. NT. BEF. BRZFEORER. EWHEE.
EMEEZ DL ZDHIGTREEZ 5N, ZDHE. IGH-EEFRKXEED
KRICEZ 2D EETH 2D, GHENRPrandtl-Reuss DR ESRICHE
W, —IRINF—REBEZERE T2 BERITEEZEDLS ICHBBEE
I ENUHEDRE-ETH D,

(7) FOANDIFE

MRRIZENABEORRICT L. ZORFOAHDHENZDEREGSE
DCAERRDKERMAERETH S5, D—fFlE LT, BEIEDME
BREXTOMBTHRFDOX—H—PEHEE DX NDEIRICEM LT
WEEBRENH D, COMEX TESLITRELITEM/IRILOESIRIC
EFILULTEITZ UL S &9 %FOA (First Order Analysis) HhYEB
SN TW3, FOARRDE IFBREFEITE & U5 (limit analysis &
design) OHHILEEZ D, COFBIEH—TRILF—REBOBIFOIL



Non collocation method
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Derivation Process of Unified Energy Principle

f—IRIF—REBEHO7OER

i T Pe—| ,=0,n;

on S,

GaussDOR#MEE — >

8ij = E(ui’j + uj,i) ] )

L vaal.je,.jdV <«

IRILF—
R7E8

[E] & 1 515 5B ) B

Jvaijsl.jdv = JstiuidS - Jvo-ij,juidv

o,;+p;=0inV
U =u; onS,
t, =1, on S,
S=8,+S,

14
Jfor true u; and o
Jogav=] puav+] iwds+| ids

i

5) oye,dv -] poudv-] tduds-| wdds=0

(w.r.t.u, &0y)




8 methods to be derived from Unified Energy Principle

sed0 u(x)OTOOIO (x)O000000IONOO0000O00 8OOMOO

sole constraint+' }
Yariational Equations+ N Remmrkae
i conditions+
"J 1
j- (k-1 Jou s +J' (s, - Do as general i
S R A W Bl /S
_J: T+ talF =10 2 e
2+ J-., (t, -, You s —_J"_ &! + ﬁ:}fv.!r_a'p =+ u,—i, =0on & + DM(I)¢

4 j-'- {I': a I'-: :Elrl:d'_"i' __I: E’- ¥ ﬁh’ﬂ""r =+ { —!-I = [ on _'-i'l: + EI'I-'I{:[.]HJ

u - =0on§ +

a Iﬁj'-{'ﬁ-hiﬁw'up t -t =0on§ + GM (I
5+ J (t, -7, Jou dS +[ (, - Joe ds =0+ o, +B =0m¥+  Trefftz's
&y 5 ode

5, + 5 =0m§F +|
6+ j-., {r:—f:}ﬁn:.-:."_"i'- 0+ u —ii mOon 5 + DM(IT

F, +5 =0m§F +|

7+ j-. E"’ -, ]ar:d&.‘ =0+ t.=i1,=0on§,+ EM(II+ DM: Displacement Method

' EM: Equilibrium Method
GM: Galerkin Method

a (I) does not satisfy a priori

f —f =0ons + MY F[:"' (II) satisfies a priori

b ! analytical

solution+

o 5, +p =0m§F +|

B+
u - =0ons +




8 methods to be derived from Unified Energy Principle

8 possible methods of solution on solid mechanics problems

(i) equilibrium condition: o,;+p,=0 mV
(i) displacement boundary condition: %, —%; =0 onS,
(iii) stress boundary condition: t - t_, =0 on S,
where ¢, =0,n,
NO u; is-assumed so a YES

to satisty
| Gy, + P, =07 |
satisfy further satisfy further

v

I

l

l

l

:

l

A 4
u,'_ui=0 t,'—ti=0 ui_ui=00nSu u,-—u,-=0 ti_ti=0 ui_ui=00nS
ons, on S, t.—t,=0onS, on S, on S, t—t=0o0nS,
MHR Method DM(I) EM(D) GM(I) Trefftz method| | DM(II) EM(II) GM(II)
(1) ) (3) (4) &) (6) (7) (8)
remarks:

MHR Method: Modified Hellinger-Reissner Method
DM: Displacement Method
EM: Equilibrium Method or Force Method
GM: Galerkin Method
FEM is mainly based on DM(I), while Pian’s Mixed Method covers DM(II) and EM(II), GM(II) is semi-analytical

method of solution.



Strategy to Apply Various Fields
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Example 1: Analysis of cantilever plate

Inplane bending analysis of a cantilever plate subjected to a boundary shear of parabolic distribution (divided

by square mesh)

V 4 ¢ vertical displacement at the point A

4th order Goursat’s stress function used

14.00

13.00

12.00

11.00

10.00

9.00

800 1 1 1 1 1 1 I
0 500 1000 1500 2000 2500 3000

D.O.F

(Gx) p - stress at the point B

66.0
64.0
62.0
60.0
58.0
56.0
54.0
52.0

500 I I I I I I 1
0 500 1000 1500 2000 2500 3000 3500

4th order Goursat’s stress function used

Timoshenko

D.O.F

—

Mesh Div. x stress displacement
NDOF function used | function used
4x 2x 16 11.7195 9.4399
8x4x16 11.4996 10.5163
12x 6 x16 11.4347 10.9196
16 x8x 16 11.4063 11.0912

20x 10 x16 11.3909 11.178
Mesh Div. x stress displacement

NDOF function used | function used
4x 2x 16 61.4766 51.0777
8x4x16 60.0641 56.1607
12x 6 x16 60.0287 58.1254
16 x8x 16 60.0138 58.8946

20x 10x16 60.0071 59.2698




Example 2: Plane stress analysis

Stress distribution on section C-C’ of a perforated square plate under
uniaxial uniform loading

——————————— Trefftz Method (137 elements, ¢ :1-5, 7 :2-6) G
One element solution — ! 5
. . . b |
| (D.Q.E.Al,ﬁb ',D 19,;(. D,ZO, Lgu}‘ent gxpa9319n) :: C@ ::
3.3601] (One element solution) ] —»
\’/ — —»
. \
S \ +
\
\\\ : L
i
- K
C-C s

R=10mm, L=50mm, S =100kgf/mm,
E =20000kgf/mm?®, v=0.3



Example 3: Plate bending analysis

Finite element bending analysis of a square plate under uniformly
distributed load using the newly proposed variational method.

Nonequilibrium 10th order polynomials of (x,y) were used for analysis.

W / Wexact

1.0080

1.0060

1.0040
1.0020

1.0000

0.9980
0 2000 4000 6000 8000

D.O.F

deflection (Mesh Div. NDOF = 8866 )

Central deflection W(0,0)

Mesh Div

W(O ,0 ) ww, ..
NDOF
2266 1.0059 1.27247
3366 1.0014 1.26676
44 66 1.0014 1.26675
5566 1.0006 1.26576
6 6 66 1.0007 1.26587
77 66 1.0004 1.26555
8 8 66 1.0000 1.26524
99 66 1.0000 1.26502
10 10 66 1.0000 1.26531
111166 1.0000 1.26531
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The winner of this year’s Timoshenko Medal reminds us that
engineering is more than piling complexity. Great engineers cut through
to simple concepts, simple solutions.

It is a creative art

FE s AR ESZE LT-BiotH X
SEGEHEIZB W T, RO X 9 ITEHERED F
TR~ DS 22k X FE LTz,

B 7t R O BEAE . RRIC LSR5 H O SR T,
RN EEIR CTH D] ZHR T DHONEE T,
FEX THEF{E (Simple) | 462 & 250 TiEERY
FH A,

B E OB &N - W B RTR R X IEF I T 7
MEOZ I8 X | MR OUTE 2 2t L £77,
G E T Y — R HEO AT, M Z Rk
TAH LN TEEHA,

By M. A. Biot (Mem. ASME) from Mechanical Engineering Feb. 1963
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HE D ENTW A,

Henri Poincaré
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FERIE B GR DFEIHIZ H 7= > TR E 72BE L 72 A DlZab initio

E D>, invivo, insitué WO ERAIORETH A 9,

WET 2 L EMEROBRIZBWTITEELE D, EMER

IENARm &I D EGRNDTRINA D D),

NS LTEENTZONT U « IRT 271 VONAEECT
(topology) T A 9,

BHETHE L =My T Y ) BET fafE AV = s 7 B xR =
T, VaF ANAFET FF=0VEEY T, V) — R T L
TR AL, BIFHE =L, BEoa ) I oA T
RANT TN, /I//ﬁJrE’/?xJ_ NS AVAY - S o =
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Tadahiko Kawai

Tadahiko Kawai was born in Tokyo in 1926 and studied in the Department
of Naval Architecture, University of Tokyo, gaining his B.Eng. in 1952.

He obtained a PhD in civil engineering from Lehigh University, USA

in 1957 and also received a Dr.Eng. from the University of Tokyo in 1962.
He began as a researcher (1958—1963) in the Airframe Division, National
Aerospace Laboratory, Tokyo. In 1963 he joined the faculty of the
University of Tokyo, and was promoted to full professor in 1971.

He was a visiting professor at the State University of New York at Buffalo
(1966—1967). He retired from the University of Tokyo in 1986, and

became Professor Emeritus. Subsequently, he joined the research faculty of

the Science University of Tokyo until 1998.





