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Abstract
Using the generalized potential which includes work done due of enforced displacement on the
displacement boundary, a new variational formulation is attempted in this paper to unify the minimum
principles of potential energy and complementary energy without introduction of Lagrange multiplier
so that the minimal condition of the total energy can be asserted in true deformation of elastic bodies.
It is demonstrated solving a number of the plane stress and plate bending problems that

In any linear elasticity problem the lower bound solution can be always obtained

by the method proposed in this paper with increase of NDOF of the test functions used.
To be paralleled with this research, a nodeless method is proposed in order to make the finite element
calculation (especially force method) locking free and to reduce burden of the mesh generation
problem in practice.
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1 Introduction

Today, Force Method is almost declined in the FEM community. From the structural design point of
view, however, the stiffness evaluation of structures based on the Displacement Method is not
generally conservative and accuracy of the calculated stresses is inferior to that of the calculated
displacements due to necessary differentiation of the latter. And therefore it is a long dream of
structural engineers to establish a new method by which the lower bound solution can be obtained
without fail in any elasticity problem. Toward such mission impossible, challenge has been made
for the last 10 years conducting researches along the following two lines:

(i) development of a new variational formulation which unifies the minimum principles of potential
and complementary energy so that the lower bound solution can be obtained at least in any linear
elasticity problem.

(i1) development of a new nodeless method which makes the finite element analysis easier and more
effective.

A few numerical examples on the plane stress and plate bending problems are introduced for
verification of the proposed method in this paper.

2 Development of the unified energy method in elasticity

2.1 Generalization of the potential energy [3]

Consider arbitrary sets of stress components 0, and strain components €;. The stress components
0, are assumed to satisfy the following equation of equilibrium Eq.(1) and the mechanical boundary
condition on the stress boundary Eq.(2), while the strain €, is assumed to be derived from the

displacements using Eq.(3). The displacements u; is also assumed to satisfy the displacement
boundary conditions (4).

0, +p0. =0 in V (1
where p, is the body force vector, V' is the volume of a given body.

tizﬁy.n‘.:t_i in S, (2)
where 7, is the unit normal drawn outward on the stress boundary S .

dy =2, vu,) iV 3)

u, =u, on S, “4)

where S=8;,+S, ; S
Then it is not too difficult to derive the following equation using the divergence theorem:

[ 6yd,dv =] pudv+ Lét_iuidS+ Lur,itids )

is the displacement boundary.

u

It should be mentioned here that this equation is true irrespective of the stress-strain relation and size
of u,. If 0, and €; are related by the following linear relation:
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O, =aju€n } (6)

€y = bijle

where a, and b,,, are symmetric matrices.

ijki
Eq.(5) expresses the law of energy conservation. In this equation, the right hand side implies work
done due to given body force, surface traction and enforced displacement on the displacement
boundary. Therefore the concept of potential energy W can be generalized as follows:

W= pudv+| tuds+| wtds (7

2.2 Proposal of a new unified minimum principle of total energy in elasticity

Consider the following total energy of an elastic system as defined by:
D, )=U~-W (8)

where U = j o,e,dV =V +V, (9-a)

:—_[ o,€,dV = I A€, €, dV

(9-b)
V.= EJ.VEUGUdV = EIV b0 ;0 ,dV
Now, Eq.(8) can be written as follows:
D (u,):D (u.)+D (o) (10-a)
where D (u) J —o,€,dV Jplu dv — J tu,dsS (10-b)
DC(O'U. ): JyEsifo_ide —LoﬁitidS (10-c)

It should be mentioned here that Dc (Gi]. ) is a function of u; because O i is a linear function of u; via

Egs.(3) and (6). Therefore if u, is the true solution, by the minimum principles of potential and

complementary energy, the following conclusion can be drawn:
D,(u,)— min wrt. u, (11)

Conversely consider the case when D, (ul. ) becomes minimum with respect to #,. Since D, (ul) is
a sum of two positive functions of u,, therefore, if at least any one of them does not become

minimum, then D, (ul. ) can not be minimum. Thus it can be concluded that a new principle
proposed in this section unifies the minimum principles of potential and complementary energy.
Next, let’s consider the strong form of 8D, (i, )=0.Now D, (u, ) is given as follows:

D)= 6,4,dv —| pudv-| tudS-]| wtds (12)
The first variation of Eq.(12) with respect to u; is given by
[ 8¢, +80,6, )V - | pduav - jsb 7 6u.ds — jSu ,6t,dS =0

This equation is transformed using divergence theorem as follows:
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Js,, (¢t -7 )ou,dS + jsu @, ~,)3dS - | ©,,+p, oudv - do, udv=0 (3

The last volume integral is unnecessary term which annihilates the variational calculation and
therefore it must be deleted.

LG (¢, —7, )ou,dS + jSu @, ~,)odS - |, + b, JudV =0 (14)

This conclusion was verified by a few numerical experiments made recently and it will be discussed in
the later section again.

3 Correlation study of a new variational equation derived and other
existing principles [3,4]

It should be noted here that the author derived previously the following variational equation
generalizing the principle of virtual work with the use of of Lagrange multiplier:

[, €~7)ouds [ @ ~u)ods~] @, +p, udV =0 (15)
Eq.(15) is the strong form of the modified Hellinger-Reissner’s variational eqation:
5DR(O' u;, A, )= 0 wrt.o

where
1 _ _ _
D, (O'y,ui,li )= jv(o-"fg?/ —Eb[jkldi/crkl - DU, jdV —JSG tu,dS —J‘Su A (ui —u[)dS (16)

That is, Eq.(15) is equivalent to D, (ui ) when 0 and A, =t, are related to u, by Eqs.(2) and (3).

o ;»4; and Lagrange multiplier A,

It is interesting to note that difference of Eqs.(14) and (15) is only plus or minus sign of the second
term of both equations.

It may be concluded that Eq.(14) can give always the lower bound, while Eq.(15) can give only
stationary solutions although results of numerical experiment made so far are limited.

It should be also emphasized here that Eq.(11) is derived without introducing Lagrange multiplier, and

therefore it can assert the minimum property of Dt(ul.) while D, (Gl.j,ul.)is only the stationary

principle.

4 Eight possible methods of solution in elasticity

Using Eq.(16) it was discussed in the recent author’s paper [1] that 8 different methods of solutions
can be proposed as shown in the Tab.1. A few comments are made on the Tab.1 as follows:

(1) Solutions @ and ® (Trefftz’s method) are unique methods where continuity of the element state
vector is not required a priori so that they can be treated independently.

(i1) For the rest methods continuity of the element state vector is required a priori so that they may be
called the generalized finite element method. In the next section general approach to construct the
nodeless method will be explained briefly.

(iii) Solution @ are so called Equilibrium Method(IT) (Force Method). Survival of EM(II) can be
expected using this method.
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(iv) Solution is not a approximate method but analytical method. Indeed it must be called
“computer-aided analytical solution”. The present author believes future impact of this method to
basic science and technology.

5 Development of the nodeless finite element method

In section 3, 6 methods of solution other than the solutions @ and ® require continuity of element
state vectors (displacements and boundary tractions) a priori. Continuity of the element state vector is
considered as follows :

Firstly consider identity of the following two functions defined in the region a < x < b as shown in
Fig.1:

f)=glx) (a<x<b) (@)
From this figure, it can be seen:
S )=g) (i=1234) (b)

Namely equality of two functions are true at only a number of discrete points. If these two functions
are expressed in Maclaurin series, (b) is replaced by:

Zanx" = anx” irrespectiveof x (a<x<b) (¢
n=0 n=b
a,=b, (d)

In practice Maclaurin series must be approximated by a polynomial of a finite order. This idea can be
successfully applied to formulation of the nodeless finite element method as follows:
For simplicity, the plane stress problem is considered: (Fig.2), L.M.N are midpoints of the sides

AB , BC, CA. Now the second order polynomials of x, y is assumed for the element displacement
function as follows:

Y
0 y+a,x’ +axy+agy’

u(an):uo —VXo tE X+
y (17)
v(x,y)=v, +x, +%’0x+8y0y+b4x2 +byxy+b,y’

where (uo Voo )(0) is the rigid body displacement vector of the coordinate origin, (&‘xo €505 nyoJ

is the constant strain components of the element and NDOF of this element is 12.
Using Eq.(17), the following set of equations can be derived.

(@) strain components (‘:x €, ,}/xy)

sng—Z:exo+2a4x+a5y, 8y=g—;=eyo+b3+2b6y
ou ov (18)
'J/xy zg-i_g = ,)/xyO + (aS +2b2)x+ (2a6 +b5 )y

(b) stress components (GX,G Ty
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O, = ﬁ%@v +VE, ): 6%)[@)@ +V8y0)+ (2a4 + Vb, )x"' (as +2vb, )J’]
(—)6/8 +e ) (—)[ﬁfexo +gv0)+(2wz4 +b, Y+ (vag +2b )y] (19)

yxy -

E
T, = 2(1+v) 2(1+v)5/“° +(ag +2b, )+ Qa, +b )y]

(c) boundary traction components (tx 2 ) t,=0l+t,m, t, =1 I+0,m

t (e, p)= E_va)[{z(ew +VE )+ wnyo } + {(2514 Vb )+ w (as +20b, )}x

+ {(a5 +2vb ) + w 2a, + b, )}y} (20)
t, (e, y)= 1 _b; 2 )H a _2v Y Voo + e, £, } + { @ —2v ) (as +2b,)+ mQva, + b, )}x

where n(l , m) is an unit normal drawn outward on the boundaries of a given triangular
element as shown in Fig.2.

Denoting the midpoint of AB by L(xL "V ), an arbitrary point P(x, y) is taken on AB as shown in
Fig.2.

Putting the distance ‘ﬁ‘ = s, the following equation can be easily obtained:

X=Xx, —ms 2N
y=y, +lis

Eq.(21) is the equation for coordinate transformation of (x, y) into s on the side AB . Applying
Eq.(21) to Egs.(17) and (20), the state vector on the side AB are given by:
u(s)= A, + As+ A4,s°
v(s)= B, + B;s+B,s’ }
t.(s)=C,+Cs }

Z, (s)z D, + D,s

(22)

(23)
These constants A4,,B,,C,,D, can be expressed by the following set of equations:
Ay =u0)=a, +a,x, +a,y, +a,x, +ax,y, +agy,

, dx d dx dx d d
A4 =u (0): a0(£j+ a3(dij+ 2a4( $j+ a5(y£j+ a{xd—)s/j+ 2a6[yd—);]s:0

=—ma, +la, —2mx,a, +a;(x, —my, )+2y,a,

- L0- {M{j;j + 2 (§§I§§]+za{%j}

24)

_ _ 2
=ma, —Imag +1"a;

5s=0
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similarly
By, =b, +b,x; +byy, +b4xL2 +bsx,y, + b6yL2
= —mb, +1b, —2mx, b, + b, (Ix, —my, )+ 2ly, b, (25)

B, =m’b, —Imb, +1°b,
C,=P+0x,+Ry, C,=-mQ+RI

where P = Ez {l(‘:x0+V€yo ( v)ni’go}

-V
Q_Evz){(l v)(2a4+vb )’+( )n(a5+2b )} (26)

RzﬁE—v){(a5+2vb )’+( )"(2a6+b )}

o

D,=8+58x, +Uy,, D, =-mT+Ul

E {(l—v)’

where S = (l—vz)

yxyO + 6/8160 + gyO }

27

(1 Ei/ ){(1 V)l( a, +2b, )+ (va, +b, )n}

_ Q—bi/z ){(1 —2v)l Qa, + b )+ (va, +2b, )’l}

Since NDOF of this triangular element is 12 and only 4 components can be distributed to each side.
Therefore the following three cases may be feasible for this triangular element.

(i) Displacement Model (I) ( DM I) u(s)= A4, +As, v(s)=B,+B,s
(ii) Mixed Model (I) ( MM I) uls)=4,, v(s)=B,, t.(s)=C,, t,(s)=D,
(iii) Equilibrium Model (I) ( EM I) t.(s)=C,+Cs, t,(s)=D,+Ds

where (I) implies the model which does not satisfy the equation of equilibrium, while models
composed basing on the stress functions ¢, are referred to (II).

Now in case of DM I, Egs.(24) and (25) can be set up for each side of the element AABC . Therefore
12 element parameters Qto,vo,xo;sxo,eyo,}/xyo,al,az,a3,bl,b2,b3 ) can be transformed into 3 sets

of (4,,4,,B,,B,) by a transformation matrix A(12><l2). And therefore if the element stiffness

matrix K is obtained with respect to the local coordinate, the stiffness matrix K with respect to new
element parameters (Ao(k),Al(k),BO(k),Bl(k)) (k = 1,2,3) can be automatically obtained by the
following familiar formula:
K=A4"KA (28)
where the superscript £ =1,2,3 implies sides of AABC. E,R and CA respectively.

Similarly the element flexibility matrix can be obtained.
Generally speaking models belong to category (MM I) may give results of the better convergency and
accuracy.
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Practical development of nodeless finite elements for 2D as well as 3D analyses will be systematically
made. For example, consider the plate bending problem. The state vector consists of 4 components.

ow

[W,—,Mn and V,

on
In conventional finite element method the compatible model can hardly give accurate results. In case
of the present method, however, no reason can be seen which may produce inferior results to compare
with the existing finite element method. In case of the plate bending problem continuity conditions

of the state vectors consists of four equations. The brief introduction of the plate bending analysis
will be given as follows :

(1) The equilibrium equation and boundary conditions (see Fig.3)
Equilibrium equation: DAAw(x, y)= §(x, y)
Associated boundary conditions:

_ dw _dw
displacement b.c..: w=w, LA onC,
on on
stress be: M,=M,, V,=V, onC,

where 7 is the unit normal drawn outward to the boundary n=(,m), C=C, +C,,

C,, :displacementb.c. C, : stressb.c.

Cw = CWO + CWI 4 Cm = CmO + le

d
: did prescribed b.c.
on

C,o:V, prescribed b.c. C,, : M, prescribed b.c.

C,o : w prescribed b.c. C

wl

M,=M1>+M m*+2M Im
Mnt :Mxyqz _m2)+ Wx _My)m
0 d
0, =—Dg(vzw)a 0, Z—Dg(vzw)
oM,

Qn:Qxl+Qym’ I/n:Qn+

s
2 2 2 2
M_=-D OW I W |y —p[y 2, 0w
' ox’ ay’ ! ox® 9y’
Y
M. =-D(-
v ( V)axay

(2) Minimum principle of the total energy for plate bending problems
aD,(w)=0, @D ,(W)=0 wrtw

D,(w):—J.J.D(MX 8821;\/+M a2V2V+2M 9w xdy—J-_[Dq_wdxdy
X

where o)y Y oxdy (29)
— ow — ow _
+ . M, Eds — J.le) V, wds + J-Cm M, Eds — J.Cmo V wds

This equation can be transformed into the following equation:
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D,(w)= [[ D| @*w) -2(-v ){( Ig; ]_(;};{Kj} oy (30)

—” qwdxdy+J M g—ds—j wds+-[ M aa_ds_.[m[,VWdS

Using the divergence theorem, Eq.(29) can be transformed into the following strong form:

D,(w)= ” (aM azA?’+2Mxya;a +q}w’xdy J (M )—

dy

(1)
+f O, =V wds—[ M, [a—w—a—wjdﬁf v, bw=w)is
Therefore
8D, (w)= _[f [a M, B;j\}fy +2M a;gy +q]§wdxdy
. 00 B S e s o
_ch. SM %—%—Z}HL‘VO 8V, (w—wlds =0

The general solution of DAAw(x,y)=0 can be obtained following the duality law between the
equations of the plane stress and plate bending problems as follows:

w(x,y)=Relzp()+ 1 ()]

D[g_w_ig_w]—wxzw(zw(z)
x Oy
M. =2+ )Relp’ G- (=v)ReEo"C )+ 2] 63

M, ==2(1+v)Re[p’ )]+ (—Vv)Re[z9"()+ 1" ()]

M, =(-v)imlzp"G)+ 2" ()]

0, +i0, =-4¢'(z)
Now Eq.(32) is the variational equation for the plate bending problem without any associated
boundary condition and it is derived without using Lagrange multiplier method. = Again 8 possible
methods of solution can be proposed and exactly the same discussions can be applied to this problem
as made in the plane stress analysis:

Methods of solution @ and ® present unique solution procedure for analysis of a discrete system
where the element state vectors can be assumed independently.

. ow
In the other cases continuity of element state vector four components (w,a—,M ..V, ) are
n

partially or fully required on the element boundaries before analysis of the total systems.
(generalized finite element method).
In the conventional finite element method it is extremely difficult to satisfy even the displacement

S ow . . . .
continuities of w and a— simultaneously on the element boundaries. It should be again emphasized
n

that the characteristic element matrices (for the mixed model) of any shape and order can be
constructed systematically in the present method.
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Consider, for example, the consistent quadrilateral plate bending element. At least it must satisfy
o ow

ontinuity of w (3rd order) , a—(an order), M, (1st order) and V, (0 order) on each side of the
n

element, therefore total NDOF of the element is 4X(1+2+3+4)=40. Consequently the 11th

order polynomial of x and y must be assumed for w(x, y).

6 Numerical Examples

About 7 years ago the author has initiated a ambitious challenge to establish a new variational
formulation by which the lower bound solution can be always obtained in any elasticity problem via
generalization of the principle of virtual work.

A few years later, he recognized that his new variational formulation is essentially equivalent to

Hellinger-Reissner’s Principle D, Q’wé é ) if 0, and A, are eliminated using the stress-strain law

l'j s
and the associated extremum condition A4, =¢, =0 ;11; > and it is only stationary principle with respect
to u,. Basing on such consideration he concluded that in order to restore the force method further

challenge must be continued to search a new variational principle which may unify the minimum
principles of the potential and complementary energy without introducing Lagrange multiplier.
In what follows brief introduction will be given to the five numerical examples of verification studies.

Example (I) Analysis of the stress concentration problem of a perforated square plate subjected
to uniaxial tension at the ends [4]

This problem is analyzed using Trefftz’s method based on the generalized principle of virtual work.
One element solution as well as finite element solution are shown in the Fig.4.

Distribution of ¢ on the CC " cross section is shown in this figure. Accuracy and good agreement

of calculated results between one element and finite element solutions are observed. It should be
especially mentioned that free combination of mesh pattern with different size and shape can be easily
done in the present method because it is a nodeless method based on Trefftz’s solution procedure.

Example (I) Torsion analysis of an elastic bar with a square cross section using the membrane
analogy

Torsion problem of an elastic bar with the cross section of arbitrary shape can be given by the
following boundary value problem of Poisson equation with Derichlet boundary condition:

Vo(x,y)=-2GO inS
0=0 onC

where (/)(x, y) is the stress function for torsion, 6 is the rate of twist, and the twisting moment

(34)

M, is given by:
M, = 2H¢dxdy

Due to the membrane analogy proposed by L.Prandtl, Eq.(34) is equivalent to the following deflection
problem of the elastic membrane under uniform lateral load ¢ .

10
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Vi, y)=—

N[

w=0 onC

where T is the tension in the membrane.
Now the associated boundary condition is given by:
w=w on C (Derichlet condition)

The functional D, (w) for this problem can be given by:

Dt(w)zijT (a_wjz +[3—WT dxdy—“Dq—dxdy—JCthds (35)

ox )y
ow

where ¢, =T —
n

The strong form of 0D, (w)= 0 is given by:
— 2 — _
jc(w—wﬁtnds—JfD(Y"V w+q)3wdxdy—0 (36)

It is customary to assume w = (0. Therefore the problem is reduced to a simple exercise problem for
Rayleigh-Ritz’s method. Torsion of an elastic bar with a square cross section was analyzed using the
following deflection function of the 3rd order polynomials of x and y :

W(x,y)z a ta,x+a,y+ a4x2 +asxy+ 616)/2 + a7x3 + agxzy + agxy2 + a10y3 37)
Two results of calculation for the torsional rigidity K are shown in Fig.5. The curve —B— is the result
of calculation using the second order polynomials of x and y, while the result obtained using the 3rd
polynomials are shown by the curve —€—.
It is interesting to note that the former analysis gave the upper bound solution, while the latter gave the
lower bound solution for K. It can be seen that both calculations shew monotonous convergency to
the exact K =0.1406 (Timoshenko) assuming the side length 2a =1.

Example (III) Inplane bending analysis of a cantilever plate subjected to a boundary shear
[2.4]

Timoshenko studied bending of a cantilever having narrow rectangular cross section of unit width bent
by a force applied at the end (Fig.6). To solve this problems the effect of a force P is approximated by
a distributed shearing stress acting at the end as follows:

o, (l,y)= 0

P
7, (0y)= —E(cz —y’

This problem was analyzed recently using the unified energy method proposed in this paper. Finite
element analyses were conducted using the following nonequilibrium displacement function, NDOF of
which is 16 as follows:

(38)

1
ulx,y)=u, —xoy+8xox+57/xyoy+a1x2 +axy+a,y’ +a,x’y+agxy’
(39)

1
v(x,y)= v, +)(0x+8y0y+zyxy0x+b1x2 +b2xy+b3y2 +b4x2y+b5xy2

For the equilibrium displacement functions of the same NDOF is also derived using 4th order
polynomial of z for (p(Z) and Y (z) of the following Goursat’s stress function. In brief

11
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Airy’s stress function £ (x, y)= Re[Z(p(Z)+ X (Z)]

0C)=Y 4", 2E)=Y B,
Zn: x+iy, A = ann+ ib,, B,=c,+id,
0, +0,=4Re[0(z)]

where ¢ —o +2it, =2[2¢"(2)+ x"(2)] (40)

Vv

26(u+0) = 222 9 - 20/~ (9

A solution obtained using nonequilibrium displacement function is shown by the curve —B— , while

the other solution using the equilibrium displacement is shown by the curve —€— in this figure. Fig.6
show the convergency of the calculated displacement v, and stress 0, respectively. It can be seen

that the curves —M— gives always the upper bound solution for both v, and 0 ,, on the other hand, the

curve —4—gives the lower bound solution clearly.

The robustness of the present method was duly checked numerically. It should be mentioned that
analytical 2D solution given by Timoshenko is not exact solution for the problem but elaborate
approximate solution where the clamped edge condition is approximated by clamping the plate at the

origin. (Indeed substantial difference of deflection v, is observed in Fig.6)

Example (IV) Bending of a square plate subjected to uniformly distributed lateral loading
with all four edges clamped [4]

This problem is historically well-known difficult problem to which many scholars have attacked in the
past. Among them Timoshenko work published in 1938 is the most well known. This problem was
analyzed using the new variational method proposed in this paper. The 10th order polynomial of x, y
is used for the element deflection function. Results obtained are summarized in Fig.7.

Example (V) Bending of a square plates subjected to uniformly distributed lateral loading
with all four edges simply supported and its 1st eigenvalue analysis of the
bending vibration [4]

Fig.8 shows size, mesh divisions and calculated deflection at the center. Displacement functions used
are polynomials of 5th order where two axes symmetry of the plate deflection is considered. The
abscissa of the convergency curves are total number of degree of freedom (NDOF of the element used
Xnumber of elements). It can be clearly seen that solutions obtained are always the lower bound
solutions in the plate bending analysis.

The eigenvalue equation for the plate bending vibration is given by:

AAw = A'w
substituting Atw for q in D, (w) for the plate bending problem and making minimum with respect
to unknown parameters a, of w(x, y), homogeneous linear equations for @, can be obtained, from

which the characteristic equation for A can be obtained eliminating a,. 1st eigenvalues obtained
(lower bound solutions) are shown in the table attached to Fig.9.

12
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7 Conclusions

Using divergence theorem in elasticity, a new variational principle was proposed on the minimum
condition of the total energy of a given elastic system.

This method may unify the minimum principles of potential and complementary energy in the
linear elasticity so that accuracy of approximate solutions can be definitely checked bracketing
them by the upper bound and lower bound solutions.

It is interesting note that difference between the proposed principle and the well established Hellinger-
Reissner’s Principle is only difference of the sign of work done due to enforced displacement on the
displacement boundaries and yet the former can assert the minimum of the total energy, while the
latter is only a stationary principle. However, rigorous mathematical proof is left for future study.
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Tablel: 8 Possible methods of solution derived from the present variational formulation

SOL. Variation equations Consfraint remarks
NO. q Conditions
IV (G;'/,_;' +D; )SMidV - J.s (ti - t_z )6”idS Pair of modified
1 ’ _ | Hellinger-
- -[Su (”i —U; )StidS =0 Reissner’s method
_ _ — Displacement
2 J.V ((51.”. + P, )SMidV - -[Sc (ti -t )SuidS =0 u,—u; =0onS, Method (I)
(DM 1)
Equilibrium
3 o, +D, PudV—| (u—u)dtdS=0 | t;—t,=00nS, Method (I)
J.V( ] k J‘SU (EM I)
_ ul_lz_lz:OOHS Galerkin’
; J,6,,+ 5 Budr=0 H=00nS, | Galekins
e t,—t,=0onS, Method (I)
5 [ G-i)duds+| (~)dtds =0 G,,+P,inV | Treffiz’s Method
- o, +p, inV
6 (¢, —7,)du,dS =0 oo DM(II
L‘f u,—u,=0on S, o
_ o, +p, inV
7 (@, — 1, )31,dS = 0 o EM(II
IS“ t,—t;=00nS, o
Oy, +p inV GM(IT)
8 t —1t. =0on S, analytical
I solution

1
u,—u,=0onsS,
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y A f(x)

S
-

O ax, x, x5 x3b x

Figure 1: Equality of two functions: f (x)= g(x) from the collocation method point of view

Figure 2: Development of a nodeless finite element

ns

X n

Figure 3: Coordinates and components of the traction vector for the plate bending problem
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——————————— Trefftz Method (137 elements, ¢ :1-5, % :2-6) G
One element solution —] ! -
. . . : le— | —p
(D.O.F.:41,¢:7 19, : 7 20 Laurent expansion) 1 cC )
‘ S e ( >B A S
3.3601] (One element solution) — —>
F/ ] —»
! N
o, \
S Y
[ ] L
\ [ ]
\ ==
BT ——
h R Iﬁ i -
e — RI__ B || v
ok N
L
c-C
R=10mm, L=50mm, S =100kgf/mm,
E =20000kgf/mm*, v=0.3
Figure 4: Stress distribution on section C-C’ of a perforated square plate
under uniaxial uniform loading
Yy
a 6DOF / element 10 DOF / element
Mesh | 2nd order | Mesh | 3rd order
Div. |polynomial| Div. |polynomial
-a a
0 X 2X2 0.17708 3X3 0.13951
4x4 0.16498 4x4 0.13961
a 6X6 0.15456 5X5 0.13984
8§X 8 0.14921 6X6 0.14002
1.100 | m
w(x, y): 2nd order polynomial 10x10]  0.14635  7x7  0.14014
1.080 // 1212 0.14469 8X 8 0.14023
= 1,060 \ W(X, V)I 3rd order polynomial 1414 0.14365 9Xx9 0.14030
g ’ ‘\\ / 16X16 0.14295| 10x 10, 0.14035
2 1,040 \ 18x18]  0.14247) 11x11]  0.14039
M V‘ 20 %20 0.14211] 12x12] 0.14041
1.020 -, 22x22]  0.14185 13x13]  0.14044
1,000 / . 24x24)  0.14165] 14x14]  0.14046
petteTTy T T T 26x26 014149 16x16 _ 0.14048
0.980 ‘ 28 %28 0.14137] 18x18 0.14050
0 1000 2000 3000 4000 5000 30x30 0.14127] 20x20, 0.14052
D.OF Timoshenko K=0.1406(2a)"

Figure 5: Analysis of torsional rigidity of an elastic bar with the square cross section

(divided by square mesh)
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14.00

13.00

12.00

11.00

10.00

9.00

8.00

66.0
64.0
62.0
60.0
58.0
56.0
54.0
52.0
50.0

v, vertical displacement at the point A

4th order Goursat’s stress function used

Timoshenko

0 500 1000 1500 2000 2500 3000 3500

D.OF

(Gx )B : stress at the point B

4th order Goursat’s stress function used

2nd order displacement function used

Timoshenko

0 500 1000 1500 2000 2500 3000 3500
D.O.F

AJ/P

T

X NDOF used used
4x2x16/ 11.7195 9.4399
8§x4x16] 11.4996 10.5163
12x6x16] 11.4347 10.9196
16 x8x16] 11.4063 11.0912

20x10x16] 11.3909 11.1780
B

A \J/P

T

x NDOF used used
4x2x16 61.4766 | 51.0777
8x4x16| 60.0641 56.1607
12x6x16] 60.0287 | 58.1254
16x8x16] 60.0138 | 58.8946

20x10x16] 60.0071 59.2698

Figure 6: Inplane bending analysis of a cantilever plate subjected to a boundary shear
of parabolic distribution (divided by square mesh)
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W / Wexact

1.0080
1.0060
1.0040
1.0020
1.0000

0.9980

Central deflection w(0,0)

0

2000

4000
D.O.F

6000

8000

o).

Mesh Div

XNDOF
2X2X66 1.0059 1.27247
3X3X66 1.0014 1.26676
4 X4 %66 1.0014 1.26675
5X5X66 1.0006 1.26576
6X6X66 1.0007 1.26587
7TXTX66 1.0004 1.26555
8§X8X66 1.0000 1.26524
9X9X66 1.0000 1.26502
10X 10 X 66) 1.0000 1.26531
11X11X66) 1.0000 1.26531
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deflection (Mesh Div. XNDOF = 8§ X 8x66 )

Figure 7: Finite element bending analysis of a square plate under uniformly distributed load using the
newly proposed variational method.

Nonequilibrium 10th order polynomials of (x,y) were used for analysis.
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Mesh Div. Total deflection

XNDOF D.O.F w(0,0)
2X2x%21 84 4.5215
3x3x21 189 42231
4x4x21 336 4.1613
S5x5%21 525 4.1336
6X6x21 756 4.1149
TXTx21 1029 4.1037
8xX8x21 1344 4.0960
9Ix9x21 1701 4.0908

Timoshenko 4.061
deflection w(0,0)

4.600 -

4500 |4
4400 |l
4300
4200 | &g
4100 - e N
4.000 : :

0 500 1000 1500 2000
DOF

Figure 8: Bending analysis of a simply supported square plate displacement function used: 5th order
polynomials of (x, y) (NDOF=21)

Mesh Div. Total .

X NDOF poF [|dgenvalued
2xX2x%x21 84 121.73
3Ix3x21 189 121.94
4x4x21 336 122.09
S5x5%21 525 122.17
6x6x%21 756 122.21

TXTX21 1029 122.25
8x8x21 1344 122.27

9x9x21 1701 122.29
10x10%21 2100 122.30
11x11x21 2541 122.31
12x12%21 3029 122.32

20 13x13x21 3549 122.32

Exact 122.36
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1st eigenvalue A

12240 |
P R

12220 +- - P A
122,00 / 77777777777777777777777777777777777777
121.80 E—
L0 b
121.40

0 1000 2000 3000 4000

D.O.F

Figure 9: 1st eigenvalue analysis of a simply supported square plate displacement function used: 5th
order polynomials of (x,y) (NDOF=21)
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